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 Lightweight structures tend to be susceptible to vibration, which can lead to fatigue and failure. 
Piezoelectric shunt damping is an efficient technology that converts mechanical energy into electrical 
energy and dissipates it through shunt circuits without requiring external power. This study models 
several piezoelectric patches coupled to different shunt circuits on a thin plate, utilizing Rayleigh-Ritz 
modal analysis to examine patch parameters including size, position, and distribution. Optimization 
demonstrates that effective patch-circuit topologies correspond with structural mode shapes, resulting 
in maximum vibration reduction. The findings introduce a fresh technique to enhance vibration control 
which improves structural reliability and performance. 
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1. Introduction 

      
     Modern high-speed, lightweight structures are becoming more susceptible to significant vibrations as a result of their 
design and functional properties. These vibrations can significantly reduce the structural lifespan by accelerating material 
fatigue and degradation (Dekemele et al., 2024). Additionally, they pose a considerable risk of mechanical failure, potentially 
leading to catastrophic consequences in various engineering applications. The need for advanced vibration control and 
mitigation strategies is thus critical to ensure the safety, reliability, and durability of these structures (Zhang et al., 2024). 
Throughout the years, a wide range of semi-passive and passive solutions have been advocated for decreasing these vibrations 
(Erturk & Inman, 2011). Piezoelectric shunt damping is a commonly employed method for reducing vibrations in smart 
structures. Piezoelectric transducers (PZTs), when paired with the proper electronic circuits, can function as devices to 
dissipate mechanical energy (Muthalif & Wahid, 2021). By converting mechanical vibrations or stress into electrical energy, 
which can then be managed or dissipated through the circuitry, these PZTs serve a critical role in reducing unwanted 
mechanical energy in various systems (Richardt et al., 2024). They can also ensure the stability of the system with the shunt, 
and they do not rely on parametric models for the design process. This means that the methods can be implemented without 
requiring detailed mathematical models of the system's parameters, simplifying the design and implementation process while 
still providing stable operation. In addition to this, this approach allows for a compact method of damping vibrations that 
doesn't require adding much additional mass or taking up considerable space. By integrating the system in this way, effective 
vibration control is achieved without compromising the overall weight or the spatial efficiency of the structure (Yaw et al., 
2024). When a simple resistor is connected to the terminals of a piezoelectric transducer (PZT), the PZT functions similarly 
to a viscoelastic damper. When the network incorporates a series inductor-resistor (R-L) circuit, the passive elements, 
combined with the intrinsic capacitance of the PZT, generate a damped electrical resonance (Fleming & Moheimani, 2003). 
The resonance can be tuned to allow the PZT to operate as a vibrational energy absorber with specific frequency targeting.  

 
Shunt circuits operate without the need for a feedback sensor to monitor or adjust their performance (Liao et al., 2024; 

Motlagh et al., 2018). In some cases, these circuits can function effectively without the need for any supplementary electronic 
components or an external power supply (Ma et al., 2024). This makes them particularly advantageous in applications where 
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simplicity, reliability, and low maintenance are important, as they can achieve their purpose without the added complexity of 
additional equipment (Paixão et al., 2024). Piezoelectric materials are most commonly utilized in the form of patches or layers 
by being integrated onto the surfaces of structures that are flexible and resemble beams or plates (Acar & Motlagh, 2024; 
Aghakhani et al., 2019; Lahe Motlagh et al., 2023; Motlagh et al., 2020). To control vibrations, piezoelectric transducers are 
attached to the base structure using a strong adhesive material (Lahe Motlagh et al., 2023). Piezoelectric transducers have the 
capability to serve as sensors, actuators, or a combination of both. In a common active control application, a piezoelectric 
transducer functions as an actuator (Gardonio & Rodrigues, 2024; Motlagh et al., 2021). A sensor is employed to detect the 
vibrations in the base structure, and a control voltage is then applied to the piezoelectric actuator to reduce or eliminate the 
unwanted vibrations in the structure. 

 
To the best of my knowledge of authors, there isn't any significant modeling of separated circuits for shunt damping 

purposes, so to fill the gap, this paper tries to showcase various shunt circuits attached to a system of piezoelectric patches on 
a thin plate. The most important novelty of the current paper is the usage of a high number of patches attached to different 
circuits and integrated to a thin plate. To model the effect of patches, Rayleigh-Ritz assumptions are used to perform the 
modal analysis and by varying the size parameters such as patch locations, dimensions and ratio compared to plate, efficiency 
of the current model is shown. A brute-force through optimization is performed to show the best patch-circuit configuration 
to achieve highest shunt performance and it is shown that patch-circuit distribution follows the same trend as mode shapes. 

 
 2. A model of independent piezoelectric patches a plate 

 
This section provides a concise overview of the methodology employed in the paper, as illustrated in Fig. 1., the patches 

are a system of grid scattering all over the plate and each has its own unique circuit and thus it can act independently compared 
to other patches. 

 

 
Fig. 1. Schematic of the distinct arrangement of the piezoelectric patches in relation to the base plate 

 

Hamilton's principle is utilized to derive the governing equation of motion: 
 

𝛿𝛿 � (𝑇𝑇 − 𝑈𝑈 + 𝑊𝑊𝑝𝑝)
𝑡𝑡1

𝑡𝑡1
𝑑𝑑𝑑𝑑 = 0 (1) 

 

Externally applied work, potential energy and kinetic energy are denoted as U, T, and Wp, respectively (Marion, 2013). 
P(x,y) function is introduced to delineate the regions at which k piezoelectric patches are affixed onto the structural layer’s 
surface as follows: 

𝐹𝐹(𝑥𝑥, 𝑦𝑦) = ��𝐻𝐻�𝑥𝑥 − 𝑥𝑥𝑖𝑖,1� − 𝐻𝐻(𝑥𝑥 − 𝑥𝑥𝑖𝑖,2)� × [𝐻𝐻�𝑦𝑦 − 𝑦𝑦𝑖𝑖,1� − 𝐻𝐻(𝑦𝑦 − 𝑦𝑦𝑖𝑖,2)]
𝑘𝑘

𝑖𝑖=1

 (2) 

Here, y1, y2, x1 and x2, represent the coordinates of the points on edge of x and y axis and H refers to the Heaviside function. 
The corresponding is expressed as: 

 
𝑚𝑚(𝑥𝑥, 𝑦𝑦) = 𝜌𝜌𝑠𝑠ℎ𝑠𝑠 + 𝜌𝜌𝑝𝑝ℎ𝑝𝑝𝐹𝐹(𝑥𝑥, 𝑦𝑦) (3) 
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The capacitance Cp
k of the kth piezoelectric patch is characterized by Equ. (4): : 

𝐶𝐶𝑝𝑝𝑘𝑘 = 𝑆𝑆𝑝𝑝
𝜀𝜀𝑠𝑠33
ℎ𝑝𝑝

𝑑𝑑𝑆𝑆𝑝𝑝 (2) 

The Kirchhoff’s laws can be utilized in electrical circuits to derive Eq. (5). Eq. (4) with Eq. (5) is compared and the current 
flowing through the 𝑘𝑘𝑡𝑡ℎ piezoelectric patch is expressed as Eq. (6) (Erturk & Inman, 2009). 

 

𝐶𝐶𝑝𝑝𝑘𝑘 �
𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

� +
𝑣𝑣(𝑡𝑡)
𝑍𝑍𝑙𝑙

= 𝑖𝑖𝑘𝑘(𝑡𝑡) (3) 

𝑖𝑖𝑘𝑘(𝑡𝑡) = −𝑒̅𝑒31 �
ℎ𝑝𝑝 + ℎ𝑠𝑠

2
− 𝑧𝑧0�

𝜕𝜕
𝜕𝜕𝜕𝜕 𝑆𝑆𝑝𝑝𝛻𝛻

2𝑤𝑤(𝑥𝑥,𝑦𝑦, 𝑡𝑡)𝑑𝑑𝑆𝑆𝑝𝑝 
(4) 

 

Subsequently, the present result in modal coordinates can be determined by inserting into Eq. (6), resulting in the following 
expression: 

𝑖𝑖𝑘𝑘(𝑡𝑡) = −��
𝑑𝑑𝜂𝜂𝑟𝑟𝑟𝑟(𝑡𝑡)
𝑑𝑑𝑑𝑑

𝜃𝜃�𝑟𝑟𝑟𝑟
𝑘𝑘

𝑅𝑅

𝑟𝑟=1

𝑁𝑁

𝑛𝑛=1

 (5) 

 
Here, 𝜃𝜃�𝑟𝑟𝑟𝑟

𝑘𝑘is defined by Eq. (8):  
 

𝜃𝜃�𝑟𝑟𝑟𝑟
𝑘𝑘 = −𝑒̅𝑒31 �

ℎ𝑝𝑝 + ℎ𝑠𝑠
2

− 𝑧𝑧0� ∫
𝑆𝑆𝑝𝑝
𝑈𝑈𝑟𝑟𝑟𝑟𝛻𝛻2𝑊𝑊𝑟𝑟𝑟𝑟(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑆𝑆𝑝𝑝  (6) 

Assuming that the transverse force excitation on the host plate is harmonic and given by f(t)=F0ejωt (where F0 represents 
the force amplitude and ω denotes the excitation frequency), the linear system assumption indicates that the mechanical and 
electrical responses can be expressed as harmonic functions: ηrn(t)=Hrnejωt and vk(t)=Vk ejωt, respectively.  

 
In the isolated arrangement, every patch is linked to its own electrical circuit independently, similar to what is shown in 

Fig. 1. The circuit equation can be stated as Eq. (9) using Kirchhoff's current law for each patch,  
 

𝐶𝐶𝑝𝑝𝑘𝑘 �
𝑑𝑑𝑣𝑣𝑘𝑘(𝑡𝑡)
𝑑𝑑𝑑𝑑

� +
𝑣𝑣𝑘𝑘(𝑡𝑡)
(𝑍𝑍𝑙𝑙)𝑘𝑘

= 𝑖𝑖𝑘𝑘(𝑡𝑡), (𝑘𝑘 = 1,2, … ,𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝ℎ𝑒𝑒𝑒𝑒) (9) 

 
     The distinct differential equations of motion in modal coordinates were established earlier in (Erturk and Inman, 2009) and 
(Yoon et al., 2016), represented as Eq. (10), where the voltage 𝑣𝑣𝑘𝑘(𝑡𝑡) varies for each patch: 
 
𝑑𝑑2𝜂𝜂𝑟𝑟𝑟𝑟(𝑡𝑡)
𝑑𝑑𝑡𝑡2

+ 2𝜔𝜔𝑟𝑟𝑟𝑟𝜉𝜉𝑟𝑟𝑟𝑟
𝑑𝑑𝜂𝜂𝑟𝑟𝑟𝑟(𝑡𝑡)
𝑑𝑑𝑑𝑑

+ 𝜔𝜔𝑟𝑟𝑟𝑟2𝜇𝜇𝑟𝑟𝑟𝑟(𝑡𝑡) −�𝜃𝜃𝑟𝑟𝑟𝑟𝑘𝑘𝑣𝑣𝑘𝑘(𝑡𝑡)
𝐾𝐾

𝑘𝑘=1

= 𝑓𝑓𝑟𝑟𝑟𝑟(𝑡𝑡) (10) 

where frn(t) (Yoon et al., 2016) is defined as: 
 
𝑓𝑓𝑟𝑟𝑟𝑟(𝑡𝑡) = 𝑓𝑓(𝑡𝑡) 𝑈𝑈𝑟𝑟𝑟𝑟𝑊𝑊𝑟𝑟𝑟𝑟(𝑥𝑥0, 𝑦𝑦0)  (11) 

 
Based on Eq. (7) and Eq. (9), the connection between voltage Vk(t) and Wrn can be expressed as Eq. (12): 
 

�
1

(𝑍𝑍𝑙𝑙)𝑘𝑘
+ 𝑗𝑗𝑗𝑗𝐶𝐶𝑝𝑝𝑘𝑘� 𝑉𝑉𝑘𝑘(𝑡𝑡) + 𝑗𝑗𝑗𝑗��

𝐹𝐹0𝑈𝑈𝑖𝑖𝑖𝑖𝑊𝑊𝑖𝑖𝑖𝑖(𝑥𝑥0,𝑦𝑦0)𝜃𝜃�𝑖𝑖𝑖𝑖
𝑘𝑘

𝜔𝜔𝑖𝑖𝑖𝑖
2 − 𝜔𝜔2 + (2𝑗𝑗)𝜉𝜉𝑖𝑖𝑖𝑖𝜔𝜔𝑖𝑖𝑖𝑖𝜔𝜔

 
𝑁𝑁

𝑟𝑟=1

𝑁𝑁

𝑛𝑛=1

+ 𝑗𝑗𝑗𝑗��𝜃𝜃�𝑖𝑖𝑖𝑖
𝑘𝑘 ∑ 𝜃𝜃�𝑖𝑖𝑖𝑖

𝑘𝑘𝑘𝑘
𝑘𝑘=1 𝑣𝑣𝑘𝑘(𝑡𝑡)

𝜔𝜔𝑖𝑖𝑖𝑖
2 − 𝜔𝜔2 + (2𝑗𝑗)𝜉𝜉𝑖𝑖𝑖𝑖𝜔𝜔𝑖𝑖𝑖𝑖𝜔𝜔

𝑁𝑁

𝑗𝑗=1

𝑁𝑁

𝑖𝑖=1

= 0. (12) 

 Thus, this equation's only variables are voltage Vk(t), and they can be identified as follows: 

⎣
⎢
⎢
⎢
⎡
𝑉𝑉1
⋮
𝑉𝑉𝑘𝑘
⋮
𝑉𝑉𝑛𝑛⎦
⎥
⎥
⎥
⎤

= 𝐴𝐴−1

⎣
⎢
⎢
⎢
⎡
𝑏𝑏1
⋮
𝑏𝑏𝑘𝑘
⋮
𝑏𝑏𝑛𝑛⎦
⎥
⎥
⎥
⎤
 (13) 

 
where 𝐴𝐴 is defined as Eq. (14) : 
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𝐴𝐴 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡�

1
(𝑍𝑍𝑙𝑙)1

+ 𝑗𝑗𝑗𝑗𝐶𝐶𝑝𝑝1 + 𝑎𝑎′11� ⋯                     𝑎𝑎′1𝑘𝑘                ⋯ 𝑎𝑎′1𝑛𝑛

⋮
𝑎𝑎′𝑘𝑘1
⋮

⋱ ⋱ ⋱

⋱ �
1

(𝑍𝑍𝑙𝑙)𝑘𝑘
+ 𝑗𝑗𝑗𝑗𝐶𝐶𝑝𝑝𝑘𝑘 + 𝑎𝑎′𝑘𝑘𝑘𝑘� ⋱

⋱ ⋱ ⋱

⋮
𝑎𝑎′𝑘𝑘𝑘𝑘
⋮

𝑎𝑎′𝑛𝑛1 ⋯                     𝑎𝑎′𝑛𝑛𝑛𝑛               ⋯ �
1

(𝑍𝑍𝑙𝑙)𝑛𝑛
+ 𝑗𝑗𝑗𝑗𝐶𝐶𝑝𝑝𝑛𝑛 + 𝑎𝑎′𝑛𝑛𝑛𝑛�⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (14) 

 
where 𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏’ are defined as 

𝑎𝑎′𝑙𝑙𝑙𝑙 = 𝑗𝑗𝑗𝑗 ∑ ∑ 𝜃𝜃�𝑖𝑖𝑖𝑖
𝑙𝑙
𝜃𝜃�𝑖𝑖𝑖𝑖

𝑠𝑠

𝜔𝜔𝑖𝑖𝑖𝑖2−𝜔𝜔2+2𝑗𝑗𝜉𝜉𝑖𝑖𝑖𝑖𝜔𝜔𝑖𝑖𝑖𝑖𝜔𝜔
 𝑁𝑁

𝑖𝑖=1
𝑁𝑁
𝑗𝑗=1 , (𝑖𝑖, 𝑗𝑗 = 1, … ,𝑁𝑁), (𝑙𝑙, 𝑠𝑠 = 1, 2, … ,𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝ℎ𝑒𝑒𝑒𝑒)  (15) 

𝑏𝑏𝑘𝑘 = 𝑗𝑗𝑗𝑗��
𝐹𝐹0𝑈𝑈𝑖𝑖𝑖𝑖𝑊𝑊𝑖𝑖𝑖𝑖(𝑥𝑥0,𝑦𝑦0)𝜃𝜃�𝑖𝑖𝑖𝑖

𝑘𝑘

𝜔𝜔𝑟𝑟𝑟𝑟2 − 𝜔𝜔2 + 2𝑗𝑗𝜉𝜉𝑟𝑟𝑟𝑟𝜔𝜔𝑟𝑟𝑟𝑟𝜔𝜔
 

𝑁𝑁

𝑗𝑗=1

𝑁𝑁

𝑖𝑖=1

, (𝑘𝑘 = 1,2, … ,𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝ℎ𝑒𝑒𝑒𝑒) (16) 

By determining 𝑉𝑉 = [𝑣𝑣1 ⋯ 𝑣𝑣𝑘𝑘 ⋯ 𝑣𝑣𝑛𝑛]𝑇𝑇 from Eq. (13) and substituting it into Eq. (10), the plate's relative 
displacement can be described as shown in Eq. (17): 

𝑤𝑤(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = ��𝑈𝑈𝑖𝑖𝑖𝑖

𝑁𝑁

𝑗𝑗=1

𝑊𝑊𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) �
𝐹𝐹0𝑈𝑈𝑖𝑖𝑖𝑖𝑊𝑊𝑖𝑖𝑖𝑖(𝑥𝑥0,𝑦𝑦0) + ∑ 𝜃𝜃𝑖𝑖𝑖𝑖𝐴𝐴−1[𝑏𝑏1 ⋯ 𝑏𝑏𝑘𝑘 ⋯ 𝑏𝑏𝑛𝑛]𝑇𝑇𝐾𝐾

𝑘𝑘=1

𝜔𝜔𝑖𝑖𝑖𝑖
2 − 𝜔𝜔2 + 2𝑗𝑗𝜉𝜉𝑖𝑖𝑖𝑖𝜔𝜔𝑖𝑖𝑖𝑖𝜔𝜔

� 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗
𝑁𝑁

𝑖𝑖=1

 (17) 

  
3. Results and discussions 

 
This section will present detailed electromechanical frequency response function (FRF) data for isolated setups, it will 

cover the overall performance of the current model by investigating different size, ratio and location of patches. 
 
3.1 One patch configuration: changing thickness and area of the patch 
 
     This section includes investigation of the shunt damping performance via one patch which is located at the center of the 
plate. Fig. 2. represents a demonstration of the cases where the piezoelectric patch size is varied. The ratio of the patch 
thickness to the plate thickness ℎ𝑝𝑝

ℎ𝑠𝑠
 varies from 0.1 to 0.9 and the area coverage ratio 𝐴𝐴𝑝𝑝

𝐴𝐴𝑠𝑠
 varies from 0.005 up to 0.75. 

 
Fig. 2. Demonstration of increasing size and thickness of one patch configuration. 

 
 
     Fig. 3. shows the reduction percentage of the ERP������ on the first 6 modes of the system when the ℎ𝑝𝑝

ℎ𝑠𝑠
  𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴𝑝𝑝

𝐴𝐴𝑠𝑠
   values are 

varied. At every stage, the average energy recovery performance ERP������ is computed as the resistance value is changed from 
short circuit named as SC (R = 100 Ω) to open circuit named as OC (R = 1 MΩ). The optimal value for resistor Ropt is 
identified when the average ERP������ is at its lowest point. The same procedure is repeated at different thickness and area ratios 
and then the percent reduction is calculated. 
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Fig. 3. Percent reduction in average energy recovery performance ERP������ for the first six modes using a single patch with an R 
shunted circuit: (a) First mode , (b) Second mode , (c) Third mode , (d) Fourth mode, (e) Fifth mode, and (f) Sixth mode ; the 
R values are consistent across all cases. 
 
      Fig. 3. shows that, due to the patch location and the strain mode shapes, ERP������  reduction in modes 2, 3 and 4 cannot be 
achieved. There is a black gap near 𝐴𝐴𝑝𝑝

𝐴𝐴𝑠𝑠
= 0.36 at modes 1, 5 and 6 which indicates that increasing the piezoelectric patch size 

has some negative-effect which could be linked to the cancelation of the piezoelectric effect due to the symmetry of the strain 
mode shapes. The maximum percent reduction is 69% and only achievable for the first mode. 

 
3.2 Multiple patch configurations: changing thickness and number of the patches 
 
      This section investigates the ERP������  percent reduction for separated and connected configurations, Fig. 4. demonstrates how 
the number and thickness of the patches are varied. The location of the patches is adjusted while increasing the number of the 
patches in a symmetric pattern with respect to the middle axis of the plate. The patches are chosen with sizes 40 × 40 𝑚𝑚𝑚𝑚2 
and the numbers of patches are increased from 1 to 144. When 144 patches are positioned on the plate, the area ratio of total 
patches to the area of the plate will be equal to 0.75 the same as the biggest patch in the previous section. The thickness ratio 
of the patches is also varied from  0.1 to 0.9, such that the results are comparable with the previous section. 

 

 
Fig. 4. Demonstration of increasing number and thickness of the multiple patches. 

 
     The percent reduction in average energy recovery performance ERP������  for both connected and separated configurations is 
shown in Fig. 5. At each stage, the average ERP is computed as the resistance value is adjusted from SC to OC. For different 
patch thicknesses, the same procedure is repeated. Fig. 5. shows that the shunt circuit in connected configuration is ineffective 
for modes 2, 3, and 4 as in the case of single patch configuration in the previous section. This result indicates that the connected 
patches work as one patch and make the Eq. (6) ineffective. When patch locations are symmetric relative to the middle axis 
of the plate, the percent reduction gets worse where the strain mode shape is also symmetric relative to the middle axis of the 
plate. It is observed that the maximum percent reduction achieved in the connected configuration is also similar to one patch 
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configuration which is 69%. After adding 81 patches on the plate, a black gap occurs in modes 5 and 6, which can be explained 
due to the fact that the patches cover the symmetric strain region of the modes 5 and 6, and their effect is canceled and adding 
more patches do not help in reducing the vibration amplitudes. Fig. 5 -(ii) shows much better performance when the patches 
are separately shunted, compared to the connected configuration. The percent reduction can be up to 79 % for all of the modes. 
It can be also observed that 49 patches would be sufficient to achieve this performance without a need for further increasing 
the number of patches.  
 

 
Fig. 5. (i) Percentage reduction achieved with multiple patches in a connected configuration: (a)First mode, (b)Second mode, 
(c)Third mode, (d) Fourth mode, (e) Fifth mode, and (f) Six mode , where the R values are consistent across all modes; (ii) 
Percentage reduction achieved with multiple patches in a separated configuration: (a) mode 1, (b) mode 2, (c) mode 3, (d) 
mode 4, (e) mode 5, and (f) mode 6, with R values uniform across all modes.  
 
 
3.3 Multiple patches covering the same effective area: changing thickness and number of the patches 
 
     This section investigates the influence of the effective area of the patches and their sizes on shunt damping performance. 
Fig. 6. demonstrates the cases used in this section. Effective area is varied from 𝐴𝐴𝑝𝑝

𝐴𝐴𝑠𝑠
= 0.01 to 𝐴𝐴𝑝𝑝

𝐴𝐴𝑠𝑠
= 0.75 while the numbers of 

patches are increased. Then connected and separated configurations are compared. 
  

 
Fig. 6. Demonstration of splitting the effective area to multiple patches. 

 
      An effective area is the part of the host structure which is covered by all of the patches. For simplicity, numbers of the 
patches are increased from 1 to 36, all symmetric relative to the center of the plate. At each iteration, the average energy 
recovery performance ERP������ is assessed while the resistance value ranges from SC to OC. The same procedure is repeated at a 
different number of patches and effective area ratios. Fig. 7. represents the percent reduction for the connected and separated 
configurations, respectively. Fig. 7 -(i) shows the percent reduction for connected configuration when the effective area and 
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number of patches are changed.  The ineffectiveness of the patches at modes 2, 3 and 4 can be observed when the effective 
area is near 𝐴𝐴𝑝𝑝

𝐴𝐴𝑠𝑠
= 0.36. The black gaps can be also observed on modes 5 and 6, which is again due to the symmetric nature of 

these modes and the cancelation effect. Shunt damping performance doesn’t improve as the number of patches increase, 
because connected patches behave as a single patch when the effective area is kept constant. The maximum percent reduction 
is achieved only in the first mode which is 69 %. Fig. 7-(ii) shows the percent reduction on the separated configuration. Unlike 
the connected configuration, as the number of patches increases the percent reduction gets improved, so for the case of 1 patch 
configuration, the results are the same as Fig. 6. and it gets improved as the number of patches increases. For case 𝐴𝐴𝑝𝑝

𝐴𝐴𝑠𝑠
= 0.36, 

when the patches are separately shunted, the black region in Fig. 7-(i) reduces and it can be only seen in the region where the 
numbers of patches are low. The maximum percent reduction is 79% same as the separated configuration in the previous 
section. 
 

 
Fig. 7. (i) Percentage reduction achieved with multiple patches in a connected configuration with identical effective area, for 
the first six modes: (a-f) first to Six mode; the R values remain consistent across all modes. (ii) Percentage reduction achieved 
with multiple patches in a separated configuration with the same effective area, for the first six modes: (a-f) first to Sixth 
mode; the R values are uniform across all modes. 
 
3.4 Optimization of shunt circuit resistance values 
 
     The plate dimensions are chosen because this patch can cover almost 90% of the plate and the effective area can be divided 
into 4, 9, 16 and 25 small patches. Excitation force is in the middle of the plate and the ERP������ is investigated. Initially, the 
optimization study is conducted only for the first mode and then repeated for the first three modes of the structure. There are 
two major results which are presented in Fig. 8.; optimum values of R and optimized values of R. The optimum values are 
obtained using the same procedure as in the previous section where R is swept from SC to OC and the same R values are used 
for all the patches. The optimized value will be the case when the patches have different R values and each one of them is 
swept from SC to OC. In a case when there are m patches and n variation of R values, the overall cases are in the order of 𝑚𝑚𝑛𝑛 
cases where, the computation cost is increasing as the number of patches increases. It can be shown that as the number of 
patches increases, the amplitude can be reduced further with the optimized R values. For the first mode, the optimized R 
values are near to the optimum values but as the number of patches increases, the distribution of the R values follows the 
strain mode shape of the first mode. The amplitude reduction can also be improved by adding more patches to the system. 
Fig. 8. includes the comparison between the cases of optimized and optimum values. Table 1 illustrates the percentage 
reduction as the number of patches increases for both the optimal and optimized resistance values. It is noted that utilizing 
twenty-five patches results in a 3.3% enhancement when the resistance values are optimized for the first mode. 
 
Table 1. Reduction of 𝐄𝐄𝐄𝐄𝐄𝐄������ amplitude  

Number of patches Percent Reduction for the case of 
optimum values 

Percent Reduction for the case of 
optimized values Improvement (%) 

4 64.79 64.79 0.00 
9 68.99 69.55 0.57 
16 72.08 73.74 1.66 
25 72.17 75.47 3.30 
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Fig. 8. R values distribution for cases (a) Optimum R values: (i) 4 patches, (ii) 9 patches, (iii) 16 patches, (iv) 25 patches; (b) 
Optimized R values: (i) 4 patches, (ii) 9 patches, (iii) 16 patches, (iv) 25 patches; (c) ERP������ for part (a) and (b). * Represent the 
force location. 

 
      Further investigation is done on modes 2 and 3 by optimizing the R values for each patch. Table 2 lists the percent (%) 
improvements for the case of twenty-five patches for each mode. Fig. 9 shows the similarities of the mode shapes and the R 
distribution pattern for the first three modes of the structure. There is also a significant improvement when the ERP������ reduction 
is also considered (see Table 2). It is observed that near the edges, R values get the lowest values.  

 
Table 2. Reduction of ERP������ amplitude 5×5 patches case. 

Modes Optimum case Optimized case Differences (%) 
2 66.98 76.74 9.76 
3 61.80 73.47 11.67 

 
Fig. 9. Comparison cases of (a) mode shapes for the case of  𝐴𝐴𝑝𝑝

𝐴𝐴𝑠𝑠
= 0.75 : (i) first mode, (ii) second mode, (iii) third mode; (b) 

resistor values for optimized case: (i) first mode, (ii) second mode, (iii) third mode.   
Conclusion 
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     This paper presents a new modeling approach dealing with piezoelectric patches considering they are shunt damped via 
different circuits, to showcase the efficiency, various considerations such as dimensions, ratio and locations are investigated. 
To achieve the model, Hamilton principles assumptions are studied and furthermore, Rayleigh-Ritz considerations are 
performed to achieve the modal and harmonic response. And finally, an optimization study is performed that examines how 
the arrangement of the shunt circuit can impact response of the initial three modes of the. It was demonstrated that the 
arrangement of the optimum resistor values mirrored the strain mode shapes of the targeted modes, simultaneously yielding 
an improvement of approximately 12% in the average energy recovery performanceERP������  metric. Future studies can be 
conducted by adding more electrical circuit elements (i.e., Inductance) to the system and their design parameters can be 
optimized using a similar procedure. Nonetheless, the large number of variables would lead to a significant increase in case 
studies, resulting in extremely high computational costs. Therefore, different optimization techniques and modeling strategies 
could be investigated in future research to minimize these costs.  
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